In this article, we calculate the B * c → ηc form-factors with the three-point QCD sum rules, then study the semileptonic decays B * c → ηcℓν ℓ . The tiny decay widths may be observed experimentally in the future at the LHCb, while the B * c → ηc form-factors can be taken as basic input parameters in other phenomenological analysis.
Introduction
The bottom-charm quarkonium states are of special interesting, the ground states B c and B * [2, 3, 4, 5] . Now the average values are τ Bc = (0.45 ± 0.04) × 10 −12 s and m Bc = (6.277 ± 0.006) GeV from the Particle Data Group [6] . The B * c mesons have not been observed yet, but they are expected to be observed and their properties be studies in details at the large hadron collider (LHC). The LHC will be the world's most copious source of the b hadrons, and a complete spectrum of the b hadrons will be available through gluon fusion. In proton-proton collisions at √ s = 14 TeV, the bb cross section is expected to be ∼ 500µb producing 10 12 bb pairs in a standard year of running at the LHCb operational luminosity of 2 × 10 32 cm −2 sec −1 [7] . The semileptonic decays b → cℓν ℓ are excellent subjects in exploring the CKM matrix element V cb , we can use both the exclusive and inclusive b → c transitions to study the CKM matrix element V cb . The semileptonic and nonleptonic B c -decays have been studied extensively [8] , in those studies, we often encounter the B c → P, V form-factors, which are highly nonperturbative quantities and should be calculated by some nonperturbative theoretical approaches. In this article, we calculate the B In the heavy quark limit, the B * c → η c form-factors can be parameterized by the universal Isgurwise function ξ(ω),
where the v µ and v ′ µ are four-velocities, and ω = v · v ′ . Then we obtain the following relations,
The vector state |B * c (v) relates with the pseudoscalar state
, where the S 3 b is the heavy quark spin operator. We can also express the B c → η c form-factors in terms of the Isgur-wise function ξ(ω),
On the other hand, the B c → η c form-factors are usually parameterized by the two form-factors
The form-factors F 1 (q 2 ) and F 0 (q 2 ) relate with the Isgur-wise function ξ(ω) through,
Finally we obtain the following relations among the B * c → η c and B c → η c form-factors in the heavy quark limit,
In the following, we briefly outline the operator product expansion for the correlation function Π µν (p 1 , p 2 ) in perturbative QCD. We contract the quark fields in the correlation function Π µν (p 1 , p 2 ) with Wick theorem firstly,
replace the c and b quark propagators C ij (x) and B ij (x) with the corresponding full propagators S ij (x),
where Q = c, b, t n = λ n 2 , the λ n are the Gell-Mann matrixes, the i, j are color indexes, and the g 2 s GG is the gluon condensate [10] , then carry out the integrals with the help of the Cutkosky's rule. In this article, we take into account the leading-order perturbative contribution and gluon condensate contributions in the operator product expansion, and show them explicitly using the Feynman diagrams in Figs.1-2 . The leading-order contribution shown in Fig.1 can be written as
We take the following replacements to put all the quark lines on mass-shell using the Cutkosky's rule,
and obtain the leading-order perturbative spectral density ρ µν (s 1 , s 2 , q 2 ),
We calculate the Feynman diagrams shown in Fig.2 analogously with the Cutkosky's rule, the calculations are straightforward and tedious. In the following, we present the basic formulae used in this article,
where
,
, and λ(a, b, c) = a 2 +b 2 +c 2 −2ab−2bc−2ca. The formulae in Eqs. (20) (21) are consistent with that obtained in Refs. [18, 19] , while the formula in Eq. (22) is slightly different from that of Ref. [19] .
Once the analytical expressions of the correlation function at the quark level are obtained, then we can take quark-hadron duality below the threshold s respectively, finally obtain four QCD sum rules for the weak form-factors, where
For the heavy quarkonium state B * c , the relative velocity of quark movement is small, we should account for the Coulomb-like α C s v corrections. After taking into account all the Coulomb-like contributions shown in Fig.3 , we obtain the coefficient C to dress the quark-meson vertex [15] . We take the approximation α C s = α s (µ) in numerical calculations [20] .
Numerical results and discussions
The hadronic input parameters are taken as m ηc = 2.981 GeV [6] , s [9] , and f ηc = 0.35 GeV [28] . The B * ± c mesons have not been observed yet, we take the mass m B * c = 6.337 GeV from the QCD sum rules [20] , which is consistent with the predictions of the relativized (or relativistic) quark models [1, 21, 22, 23] , nonrelativistic quark models [24, 25, 26] , and lattice QCD [27] , see Table 1 . In the early work [29] , Gershtein and Khlopov obtained a simple relation f ij ∝ m i + m j for the decay constant f ij of the pseudoscalar meson having the constituent quarks i and j, the simple relation does not work well enough numerically. In this article, we take the values f B * c = 0.384 GeV and f ηc = 0.35 GeV from the QCD sum rules [20, 28] 
where t = log
, Λ = 213 MeV, 296 MeV and 339 MeV for the flavors n f = 5, 4 and 3, respectively [6] . In this article, we take the typical energy scale µ = 2m c (µ 2 ) ≈ 2 GeV. In Fig.4 , we plot the weak form-factors at q 2 = 0 with variations of the Borel parameters M 
If we take into account the uncertainty of the mass m B * c = 6.337 ± 0.052 GeV from the QCD sum rules [20] , additional uncertainties δA 1 (0) = ±0.04, δA + (0) = ±0.06, δA − (0) = ±0.09, δV (0) = ±0.07 are introduced, then 
From Eq. (24), we can also obtain the numerical values of the weak form-factors at the squared momentum q 2 , then fit them to an exponential form,
where the f (q 2 ) denote the weak form-factors A 1 (q 2 ), A + (q 2 ), A − (q 2 ) and V (q 2 ), the c 1 are c 2 are fitted parameters. The numerical values of the fitted parameters c 1 and c 2 are presented in Table  2 . The calculations based on the three-point QCD sum rules indicate that the B c → η c form-factor F 1 (0) is 0.20 ± 0.02 from Ref. [13] , 0.55 ± 0.10 from Ref. [14] , 0.66 from Ref. [15] , the discrepancies are rather large, as very different input parameters are taken in those studies. In the present work
, if the values of the F (0) from Refs. [13, 14, 15] are taken, the heavy quark spin symmetry works not well enough, as the c quark mass is not large enough.
The semileptonic decays B * c → η c ℓν ℓ can be described by the effective Hamiltonian H eff ,
where the V cb is the CKM matrix element and the G F is the Fermi constant. We take into account the effective Hamiltonian H eff and the weak form-factors A 1 (q 2 ), A + (q 2 ), A − (q 2 ) and V (q 2 ) to obtain the squared amplitude |T | 2 , 
where the uncertainties originate from the uncertainties of the 
Conclusion
In this article, we study the B * c → η c form-factors with the three-point QCD sum rules, then take those weak form-factors as the basic input parameters to calculate the semileptonic decay widths and differential decay widths. The tiny decay widths may be observed experimentally in the future at the LHCb, while the B * c → η c form-factors can be taken as basic input parameters in other phenomenological analysis. 
